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e Space charge treatment
— Debye length
— Plasma frequency
— Beam temperature

o Stationary distributions

 Emittance growth due to excess free energy
« Beam envelope equation

e Concept of equivalent beams

 Emittance compensation

o Computational aspects
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density are functions of transverse & longitudioabrdinates. This
makes space charge dominated behavior highly reanin

For beam envelope equation we will assume greatd J are
Independent of transverse coordinate and thateéhebs not
bunched (aspect ration << 1).
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It would seem that the easiest approach is to ledéelorentz force
of all electrons directly (this would encompasscpcally all the
behavior of the beam). This is not feasible bec@lus@umber of
evaluations for each time step is 4 With N ~ 1389, Taking the
fastest supercomputer with 100 TFLOPS, one estsnateear(s)
per time step (and one may need something liké steps).

Instead, people use macroparticles in computerlatroos with the
samee/mratio

When N - o forces are smooth; when N 1 grainy collisional
forces dominate. Envelope equation assumes thedemario.

How to determine guantitatively “collisional” vs.rfeoth”
behavior of the space charge in the beam?
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Three characteristic lengths in the bunch:

a bunch dimension;lIO interparticle distancg; Debye length

Interactions due to Coulomb forces are long-rabgdaye length is
a measure of how ‘long’ (screen-off distance of@lgerturbation

In charge). [en kT
Co. . Wy, = cm’ Ve m
for nonrelativistic case: 0
1 = EKaT
P e’n
f ativist Y = ezna_kBT
or relativistic case: . .
" Vempy ) my
A :\/yzgokBT
P e’n
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Debye length: beal
dynamics scenarios
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single-particle behavior dominates; truc
when either energy or beam temperature |
large (emittance-dominated)

NO oo, Yoo
£ ~—>r=—" " =const
mc C

yo k. T = const

n

collective forces are important™

YES /%mooth” force; Liouville’s theorem ca
D be defined in 6-D phase spadeprces are

linear rms emittance is also conserv

flelds of individual particles become important;

one ends up having 6N-D phase space to deal
In the worst case; beam tends to develop ‘stru
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Similar to thermodynamics and plasma physics, thexg exist
equilibrium particle distributions (i.e. those tlmamain stationary).
Vlasov theory allows one to find such distributigassumes
collisions are negligible, but they are the onapoasible to drive the
distribution to the equilibrium!). Without the deation, Vlasov-
Maxwell equations for equilibrium distributions {g ,t) (i.e. no
explicit time dependenceé/ot = 0):

3 —

Z ﬂql+e(E+\7xB)iﬂ =0

=1 aq| pI

(xE=0 AE=—[fdp
&

March 8, 2008 |.V. Bazarov, Electron Sources. Space Charge 7



¥\ Cornell University

§ koo o emenary e v E qUINTDrIUM distribution (contd.

In particular, in aconstant focusing channel, equilibrium transverse
density obeys a well-known Boltzmann relation

_eg(r)

n(r) =n(0) exg T

Ar) =@, (r) +%¢se|f (r)

e@,. (1) = ymagr? /2

__rf A if\ A
b (r) = Mdrdr(e : rn(r)]

0
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Analytically, two extreme cases:
n, =const,forr <a
O,forr >a

keT - 0 (A;/a-0) n(r) :{ uniform

2
Per — 0 (Ap/a21)  n(r)=n,ex _ymagr Gaussian
2K T

1.0
0.8} Curve  n(0)/ny  Ap(0)/as Ka?/e®
1 0.1 4.82 0.054
06l 2 0.25 1.81 0.153
< 3 0.5 0.795 0.396
S 4 0.75 0.432 0.893
0.4} 5 0.95 0.229 2.51
6 0.995 0.145 6.00
0.2l 7 0.9995 0.107 10.9
7a 0999995  0.0710  24.8
1 ]
. \M\ 8 1 0 %
0.0 0.5 1.0 15 2.0
r/a
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— Stationary (equilibrium)beam distributions (states) in a
linear uniform focusing channel best described by a
transverse Maxwell-Boltzmann distribution

— Nonstationary beams (nonequilibrium) such as
mismatched initial conditions for the beam have a highe
total energy per particle than the correspondiagstary
beam (free energy)

— Collisional forces eventually will lead sonew
stationary state at the higher energy per particle, result |
Increased beam temperature or emittance
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Diffraction limited beam at 1A- ¢,
= 8pm at 5GeVo &, = 0.08um

10 MV/m gradient- 0,..,= 0.3 mm
Transverse temp. needked = 25 meV

. focusing potential
N / 7
A Vi =
b g
B} . )
;._ \\\ //l’

beam potential + focusin

\

beam self-potential

radius

tai/l-\ead EquilibriumkT,,,, ~ 100 eV!!
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Space charge basics

near cathode after the gun

Space charge field near the cathode Space charge field at 0.5 Mey
1 T T T T T 025 T T T T T T
[T
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relativistic energies

Space charge field in the injector SMeY

—E®||

[Iforce scales as B*=vy?
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D) e e s PEIVEANCE and characteristic curre

Let's derive beam envelope equation (i.e. we asduateself-forces
are smooth). We have almost derived the equatieady (previous
lecture’s paraxial ray equation). Two terms aresm$ — due to space
charge and emittance ‘pressure’.

Uniform laminar beam in the absence of externaldsr

. elr 1 usingf = 822" - 1" = elr
2rEa’ e Y 21E a°me’ B3y
r':ﬁr r":ﬁzr rr-=K |forrm:a
2 a
3 2
2 = el : K:I 32 |0:47E°mC:1mC:17kA
7E,mchy’a l, By e 30 e
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Nonrelativistic limit: K =- 23 =_° —, with v=(2ev/m)*:
0 27E, MV

] 1
IRVEE {47730 (2e/ m)”z}

\

perveance

K
generalized
perveance

March 8, 2008 |.V. Bazarov, Electron Sources. Space Charge 14



J) B i EMIttaANce ‘pressure’ term

] 1 __ B—)B_2A2+r22
: X — X =const
Inadrft0 - z: 'y  y+yz and A - A-Tz
[ - [ =const

2
FOFO'X 0';:—@ 0'"—£ or 0'"—8 =0

JB' T BB © ol
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From paraxial ray equation with the additional teyimne obtains

)

% ﬁly{yly (zmcjz}izlo/lw T {(mg}

adiabatic / solenoid / angular momentum

RF focusing space charge ‘ncreases’ emittance
of cavity edge

| £° | £ | £° | £

>>_1 Oor >> N << or <<

2008y  0° 2,8’y B 2008y 0 2.5y B
space charge dominated emittance dominated
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20 100
¥
' Ap,, (kevit) - A, (kevic]
X
\
=20 -100
B A (mim) a -15 Az (mm) 15
z=0000 m
pp= 0000 Mevic Ap, Ap
24 ¥
2 =
o, = 0294 mm g, = 0077 mm-mrad
0 _
oy =0000  mm z = 0000 mm-key sl b m
g ~
0 : M 24
Az Ay
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— Theactual beams have complicated transverse profiles
and phase space distribution

— How useful is beam envelope equation derived for
uniform cylindrical beams?

— Concept of Equivalent Beams due to Lapostolle and
Sachere (1971): “two beams having the same current &
Kinetic energy areguivalent in an approximate sense |f
the second moments of the distribution are the same

— E.g. rms sizes and emittances theesame for the two
beams when compared at identical positions
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Emittance evolutiol
due to space charge

We have seen that beam will evolve =

from space-charge dominated to :
emittance dominated regimes as it <@}
IS being accelerated. At low energies,

various longitudinal ‘slices’ of the bunch expegerdifferent

forces due to varying current ‘bow-tie’ phase space is
common.

¥\ Cornell University
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Important realization is that much of these spdarge
emittance growth may be reversible through appabgri
focusing (and drifts), a so-called emittance conspéon.
Obviously, this emittance compensation should [H&ee
before (or rather as) the beam becomes ultrargatiand
emittance-dominated).
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Emittance growth in R
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Kim analyzed emittance growth due to space changeRd-
(NIM A 275 (1989) 201-218). His analysis applies to beam in

RF guns. He has found:

OO a=—5
x 2 2mC K,
Tl 1| e 1
S — eal A a P~
Hy(A) Mg = 2712

=
* 4 ak, sing |,

e.g. 100 MV/m RF gun\(= 10.5 cm)a = 1.64, phase (to
minimize rf emittancey, = 71° (p — 90°), laser width and

lengtho, = 3.5 mm,0, = 0.6 mm

g)r(f =1.1mm-mrad I‘j h—call
g,” = 40mm-mrad (L.3mm- mradfor uniform) YT T
N4 A2

20
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Emittance Compensation

Carlsten noted in simulations that emittance cahrbaght down

and gave a simple explanation for the effect (NIN28% (1989)
313-319). . ,.

Normalized rms emittance (mm-mrad) “B

100 n < 8 nC ————————————ve r

5. Conclusion

L . . (a) (b)
A photoelectric injector design analysis has been

presented. The emittance growth from the dominant
mechanism has been shown to be eliminated with a
simple lens configuration, leaving only a small residual r
¥ emittance resulting from the other mechanisms.

? \‘ , 7.4:“..:‘: ,
B i :

¢ (e {d)

Fig. 3. Transverse phase-space plots showing emittance growth
and reduction. (a) Initial phase-space plot with very small
emittance. {b) Phase space plot after drift z; to lens, showing
the emittance growth due to the different expansion rates of

PARE

Fig. 2. Typical transverse emittance versus beamline position

plot for a photoelectric injector, showing quick initial growth
and subsequent reduction for a slug beam and physical de-
scription of a slug beam. with internal coordinates p and ¢{.

points A and B. {c¢) Phase-space plot immediately after lens,

showing rotation due to the lens. The emittance is unchanged

because we assume the lens is linear. (d) Phase space plot after

drift z behind lens. showing the emittance reduction due to the
different expansion rates of points A and B.
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from envelope eqgn.

Serafini and Rosenzwelig used envelope equation taiaxp
emittance compensation (Phys. Re\a5§1997) 7565).

A (9 B,

By 2By BV
| o

Includes solenoid and RF ( tags long. slice in the bunch

0_" + O_I

For space charge dominated case in absence o€ eatomh

O.II_l_O.%_OK _ I(Z) _\gr?/ :O
205 R

Brillouin flow " -~ 0: 5 = |__1()
2K 1,577

€q
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0

] ) _
Small oscillations near equilibriurds” + do| 2K, —/ia/-k%f—... =0

L eq \O-eq —
Important: frequency of small oscillations aroumgigbrium does not

depend or{. E.g. for beam witlo’(0,{) = 0 ando(0,() = 0(() +
00(() = oy

0(2.0) = 0,,(¢) +0({) cod 2K, 2)
0'(2.0) = 2K, do({) sinl,[2K, 2)

£= %\/<r2><r’2> —{r'r)* = \/27&<Jeq>ao‘sin(\/27Krz)‘
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 slices oscillate in phase
space around different
equilibria but with the same
frequency X

e ‘projected’ emittance
reversible oscillations when

1.2

50/0,, << 1, unharmonicity
shows up wheRao is not - 1 /\
small ‘S AN P
. §: 0.6 |- / \ / \

* Ignores the fact that beam > 1y Ny \
aspect ratio can be >>1 5 W \ |
(e.g. at the cathode) L y J

0 0.2 (t;;r)”?z;;:: 0.8 1

Small amplitude oscillation model
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Including acceleration term and transforming franej — (t,y) In
the limity>> 1 d?r ey

dy T
y=int 1= ay' v, 1(1({)121,),Q representsolenoid& RFfocusing

. 0 . . ==
Particular solution that represents generalizetidarn flow or
‘Invariant envelope’:

_— 2e7V/? R () 1
0. ToV1+407 T Y\ y2,1+40°
J—eq = —% phase space angle is independent of glice
eq

Matching beam to ‘invariant envelope’ can leaddarhping’ of
projected rms emittance.
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Using the beam envelope equation for individu@esileads to a
recipe for emittance compensation, which workssforple cases
(e.g. matching beam into long focusing channeiddiin the
Injector). For other more complicated scenariossivald solve the

equations numerically (example: code HOMDYN).

Finally, particle tracking . e BT

. . . 0 =1-al |
IS Indispensable for |y R=15mm o o
. ! L =20 ps =il
analysis and design o BTl
~ I E,... = 60 MV/m (Gun) I =50A 7

of the injector where £,
the assumptions madé™=" §
are invalid or theory is
too complicated to be d;
useful. o Mg

By =13 MV:’m (Cryol) E =120 MeV
B =1.9 kG (Solenoid)

g, = 0.6 mm-mrad

rarrio (INFN)\ ]
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 Majority of injector design codes use the strategy
— Assume nearly monochromatic beam

— Solve Poisson equation in the rest frame

e various meshing strategies (simple uniform mesliast FFT
methods, nonequidistant adaptive mesh for distmsgtwvith
varying density)

« Essentially removes granularity of the force

— Lorentz back-transform and apply forces includiiy
fleld maps of external elements (cavities, magrets)
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Different approaches are used (e.g. envelope eguistiegration,
macroparticle tracking, various meshing scenagas).
Mesh method works as following:

1) transform to rest frame of the

reference particle - I
2) create mesh (charge) and cell grid :0---—:+———:*—— o
(electrostatic fields) v
3) create table containing values of | T_:_,*_'"T*;:
electrostatic field atany celldueto L [ ;[ ; [ | |
a unit charge atany mesh vertex 14 1 ¢ | ¢ | o...

(does not need to be recalculated O S R
each time step) i

mesh grid

cell grid — —

charge ® E,E, ¢
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4) assign macroparticle charges to mes| O
nodes, e.g. 1,2,3, and 4 vertices get | _L A0 1
QA,JA, QAJA, QAJA, and QA/A  — = \%é |
respectively, where &A+A+A, = A L 7 N2 |
= AZAR I

5) calculate field at each cell by using o e
mesh charges and table, e.g. N mosh o e =

E®,E(2),E@M),E@) |

T
weighting > Q &
(AEQ) +AE(Q)+AEQ@+AE)/A 1 \\\\Lm\\iés

7) Apply force to each macroparticle __*““ -
8) Lorentz back-transform to the lab fran

|
6) find fields at macroparticle position by N _g;’A;7§ 2}_.
¥ —l
I
|
I
.

f— A Z ]

mesh grid cell grid — —
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e Limitations of this method include:

— Ignores interaction of charged beam with condgctin
walls of the chamber (wake fields; can be addeldca)

— Falls If the beam has large energy spread

— Most of the time removing excessive granulariondr
space charge Is justified because the actual beam h
many more particles than ‘virtual’ beam

— However, the mesh method may lead to artificiaéle
smoothing’ of the forces, underestimate intrabearh sca

There are powerful self-consistent Particle-IniCel
(PIC) codes. These require use of supercomputer:
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